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A closed form solution is provided for the length, relatively 
between two vertices of a quasi strongly connected digraph. 
to a potential Cr, of a chain 
I. Detidtions and nobtion!!i 
Let G = (V, A) denote a finite connected digraph without loop; V is the set of 
vertices and A the set of arcs. A chain between two vertices x and y is a 
sequence x = x0 x1 . . l x,,=y such that (q,q+l)~A or (x,+l,x&A, Niin-1. 
In particular a path from x to y is a clrain between x and y. 
A pomtial 8 on G is a real valued function defined on V such that: 
6(x) < e(y), when (x, y) E A. 
Such a potential exists if and only if G admits no cycie. 
The B-length of the chain c : x = x0. l l x, = y is defined by 
(and 8(c) = 0 if :s = y). 
Let C(xy) be the set of chains between x and y, we get the &metic S on V: 
8(x y) == Min e’(c) 
CEC(%Y) 
A chain c E Clxy) such that e’(c) = S(xy) is called a &,geodesic. 
6 satisfies to the classical axioms of a distance, moreover: 6(x, y) = 
8(x, t) + S(t, y) if and only if t is located on a &geodesic between x and y. 
For any x, y E V, let 2*(x, y) be the set of vertices z with a path from x to z 
and a path from y to z ; let Z-(x, y) be the set of vertices u with a path from u to 
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x and a path from 14 to y. When, for each pair x, y of vertices, 2+(x, y) is not 
empty, G is said to be a quasi drongly connected &graph (q.s.c.d.). 
In the case of a q.s.c.d. a quasi metric may be defined (+tiangular inequality is 
no longer verified). 
For every pair x, 3*? of vertices, we write: 
tk Y) = Min 9(z) and d(x, y) = 2t(x, y) - 0(x} Y- 8(y). (1) 
fEZ+kYl 
d satiskc the following properties: 
(a) d(x, y) = d(y, x) and d(x, y) = 0 if and only if x = y. 
(b) d(x, y) s d(x, z) + d(z, y) if z E 2+(x, y). 
(c) 6(x, y) c d(x, yj. Moreover if there exists a path from x to y: 8(x, y) = 
dk y). 
(d) Let T(x, y) be the set of z EZ+(X, y) such that O(z)= t(x, y), then if 
z E T(x, y): 
d(x, y) = d(x, z) +d(z, y) = 6(x, z)+-S(y, z). 
If in the digraph G we get d = 6, we can compute S with the help of the 
equality (1) (hence without any minimal chain algorithm, this one must be 
however replaced by the search of a vertex in T(x, J!). Moreover in that case the 
formula (1) provides a O-geodesic: a path from x to 2 E T(x, y) followed by a path 
from y to ;:. 
De-n. Let G be a q.s.c.d. ; a potential 8 on G !: said to be a metric potentia! 
whtin, for every pair x, y of vertices d(x, y) = 8(x, :I i 
2. CharacterizMion of metric potentials 
Pr~postim. Let G he q.s.c.d. and 6 a potential on G. The following statements are 
equivalent: 
(i) For each x, y, z E V, with z E Z-(x, y): 
6(x) + 8(yj a e(z)+ t(x, y). 
(ii) d satisfies the tiaatgular inequality. 
(iii) 8 is a metric potential. 
oof. (i) 3 (ii). Let x, y, z E V and let a, b, c be three vertices such that a E 
T(x, y), b E T(y, z), c E ?‘(a, b). Then 
d(x, y)-+d(y, z)=2r9(a)+28(b)-O(x)-B(z)-20(y) 
and, if (i) hoIds: O(a)+ 8(b) 2 O(y)+ O(c). But c E 2+(x, 2): e(c) 2 t(x, z). Hence 
d(x, y) + do;, z ‘+21+, z)- 0(x!-e(z>=d(~,z). 
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(ii) 3 (iii). We shall do an induction on the lower bound I(x, y) of taie number 
of arcs of the b-geodesics. Clearly a(x, y) SG 8(x, y) when I(x, y) = 1, Assume this 
inequality to be true when I(x, y)< m and suppose that I(x, y) = yt2. Let c :x = 
x1 l . l rc, = y be a &geodesic, then 8(x, y) +3(&~&.4- e(&-1, y). Hence, by 
induction 6(x, y) = d(x, x,,,__~) + d(x,,+_,, y) and if (ii) -holds a+, y) 3 d(x; y). Hence 
8(x, y)=4sy). 
(iii) 3 (i). If (iii) holds, d satisfies to the triangular inequality. This one 
becomes, when z E Z-(x, y ) : 
2t(x, y) - e(x) - e(y) s e(x) - e(z)+ o(y) - e(z). 
Hence the result. 0 
Hence we get d = 6 if and only if the formula (2) is valid for G. Notice that this 
result generalizes same metric results in poset theory. To a finite poset (S, <) is 
associated: 
Its coveting grapr”: H: S is the vertex set of If and (x, y) is an arc if B-zd only if 
xcy and x sz<y implies x=z. 
Its comparison gruph fi: a is the transitive closure of H; (x, y) is an arc of iT if 
and only if x < y. 
If G is acyclic there exists a ptiial order s on S such that Hc G c 
R (c meaning “is a partial graph of”). 
The characterization of metric potentials (called valuationsj in poset theory W&S 
established in the following cases: 
(1) (S, s) is a lattice and G = H (Birkhoff [3n in the special case of: 
e(x)+6(y)= tl(x/\y)+8(xvy) (2’) 
((2’) is equivalent to the modularity of the lattice (S, < )). 
(2) (S, s) is a lattice and G = a (Grimonprez and Van-Dorpe [5& 
(3) (S, s) is a semi-lattice a.nd G = R (Comyn and Van-Eorpe [4]). 
(4) (S, c) is a graded po;et, 6 is a graduation, G = H (Monjardet [79. Thle 
inequality (2) is equivalent to the semi-modularity of the poset (S, s) (see also 
Haskins-Gudder [6]). 
‘(5) (S, <) is any poset and 8 any potential on H (Barth&my [ln. 
Replacing posets by graphs allows to: 
-suppress arcs in R, without creating a component; 
- add arcs in H, without creating a cycle. 
It allows also to get a much simpler proof! 
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